In the presence of spatial dispersion it is possible to have an analytic permeability function µ(ω, k) that does not tend to 1 for high frequencies ω and fixed wavenumber k. This fact explains how diamagnetism is compatible with passivity and causality, while possessing negligible spatial dispersion in the low wavenumber spectrum. PACS numbers: 78.20.Ci,42.25.Bs With recent advances in metamaterial research, there is a renewed interest in the properties of the magnetic permeability function. The permeability function extracted by homogenization methods may show peculiar properties, such as a negative imaginary part, anomalous dispersion effects, and diamagnetism 1,2 . This has lead to investigations on the properties of the magnetic permeability 1-7 . A related problem is the well known paradox that diamagnetism is not compatible with a permeability function that satisfies the Kramers-Kronig relations and has a positive imaginary part. Letting µ(ω) be the permeability, and considering zero frequency in the KramersKronig relation, one has
With recent advances in metamaterial research, there is a renewed interest in the properties of the magnetic permeability function. The permeability function extracted by homogenization methods may show peculiar properties, such as a negative imaginary part, anomalous dispersion effects, and diamagnetism 1, 2 . This has lead to investigations on the properties of the magnetic permeability [1] [2] [3] [4] [5] [6] [7] . A related problem is the well known paradox that diamagnetism is not compatible with a permeability function that satisfies the Kramers-Kronig relations and has a positive imaginary part. Letting µ(ω) be the permeability, and considering zero frequency in the KramersKronig relation, one has
Apparently, (1) predicts that µ(0) < 1 is not possible for media with Im µ(ω) > 0. It has been argued that the Kramers-Kronig relations should be modified 2, 8 to avoid this problem. It has also been argued that the magnetic permeability can have a negative imaginary part, at least for high frequencies 2, 4, 6, 7, 9 . In this article we will consider the ambiguity in associating currents with the electric polarization or magnetization, and describe a simple homogeneous conductor or superconductor as concrete examples of media possessing diamagnetism. We find that their permeability does not tend to unity for high frequencies and fixed wavenumbers. This proves that diamagnetism is possible while µ has a positive imaginary part and is analytic in the upper half-plane. Causality is not violated, as the requirement µ → 1 for high frequencies is only necessary in the absence of sources (under eigenmodal propagation), where k = √ ǫµω/c. Spatial dispersion is central in our description of diamagnetism; however, from our results it is seen that the medium may behave spatially nondispersive over a wide wavenumber spectrum, from k = 0 to k ∼ ω p /c, where ω p is the plasma frequency. Finally, to compare with previous literature, we prove that the polarization-magnetization ambiguity means that for the same diamagnetic medium, other analytic µ's can be defined, that tend to 1 for high frequencies. However these functions get negative imaginary parts for some frequencies, while not violating the passivity requirement. Our findings therefore do not contradict previous results 2, 6, 8, 9 . The ambiguity associated with the division of currents into their polarization and magnetization parts 6,8 can be described as follows. The Ampere-Maxwell law for the fundamental fields E and B reads 1
formulated in frequency-wavenumber space (ω, k). Here J is the source. Any transformation of the polarization P and magnetization M satisfying
will leave E and B unchanged. In particular, in Ref. 8 it is argued that in the presence of spatial dispersion, it is convenient to absorb all induced currents into P ′ , leaving M ′ = 0. Then µ ′ = 1 and the medium is described by a single tensor ǫ ′ . Considering fields that are perpendicular ⊥ and parallel to k separately, it can be shown 8 from Maxwell's equations and (3) that the new parameters in terms of the old can be written
In general the parameters ǫ, µ, ǫ ′ , and µ ′ depend on (ω, k) although not explicitly specified.
To explore the properties of the magnetic permeability, it is instructive to consider other possibilities than the description by a single quantity ǫ ′ . For example, for the split-ring resonator metamaterial 10 , it is common to describe circulating currents as magnetization, effectively absorbing them into the parameter µ. Another famous example is superconductors, for which there are two extremes: Either the current is described explicitly, or the transverse current is described in the form of a magnetization vector, and the longitudinal current is absorbed into the polarization vector. In the latter case, it is argued that one has perfect diamagnetism. This motivates us to invert (4):
To move the transversal permittivity into the permeability, we set ǫ ⊥ = 1. For concreteness, we initially let ǫ ′ be described by a two-fluid model in which the conductivity has two terms:
Here the second term describes the supercurrent, λ being the London penetration depth. The third term describes the normal current due to the Drude model; σ 0 and τ are positive constants, and ǫ 0 is the permittivity of free space. For a (non-super) conductor, we can set λ = ∞. The permeability is obtained from
By inspection we find that µ = µ(ω, k), as given by (7), is analytic in the upper half-plane Im ω > 0, for any fixed k. Also note that the permeability (7) is defined and has meaning even for high frequencies, as long as the original ǫ ′ has meaning. However, we observe that µ(ω, k) does not tend to unity as ω → ∞, but rather tends to a real number µ(∞, k) between 0 and 1:
Therefore, it satisfies a Kramers-Kronig relation of the type
where P denotes the Cauchy principal value. It is perhaps surprising that µ(ω, k) does not tend to unity for high frequencies. Here it is important to remember that in the presence of sources, ω and k are generally not connected. For eigenmodal propagation where ω and k are connected by the dispersion relation, the permeability will indeed tend to unity for high frequencies. Also, we will show below that the magnetization vector will tend to zero even for a fixed k. Setting ω = 0 in (9) we see that diamagnetism is indeed compatible with causality and Im µ(ω, k) > 0. The only requirement from (9) is that
Apparently, spatial dispersion is central to the understanding of diamagnetism. For the medium as described by (7), the permeability depends on the wavenumber k; significant diamagnetism is only present for small k's. Nevertheless, the medium appears spatially nondispersive for excitations with wavenumber spectra in the re-
where ω p = c/λ is the plasma frequency. For a conventional conductor with λ = ∞, the medium remains spatially nondispersive under the condition (11) , where now ω 2 p = σ 0 /ǫ 0 τ and ωτ ≫ 1. To better understand the peculiar asymptotic behavior, and to consider more general materials, we now consider the electromagnetics in more detail. By combining Ampere-Maxwell's law ik × H = −iωǫǫ 0 E + J and Faraday's law ik × E = iωµµ 0 H, we obtain the solutions
In (12) the source J and field E are decomposed into their components parallel and perpendicular ⊥ to k. As ω → ∞ the fields do not feel the presence of the medium, so (12c) gives that ǫ → 1. Also, for fixed k, (12b) (or (12a)) means ǫ ⊥ → 1, but remarkably, we do not get any condition for the asymptotic behavior of µ. Nevertheless, even though µ does not necessarily approach unity, the magnetization vanishes in the limit ω → ∞. This is a result of the fact that according to (12a), the magnetic field vanishes in this limit. For eigenmodal propagation, k 2 = ǫµω 2 /c 2 , the situation is different. To see this, let a current source plane be located somewhere in the infinite medium. In the limit ω → ∞ the generated waves must have the same amplitude and the same velocity as if the medium were not present. In other words, ǫ → 1 and µ → 1 under eigenmodal propagation. This ensures relativistic causality, i.e., the front of a wave packet propagates at the speed of light in vacuum.
It is interesting to explore the analytic properties of the electromagnetic parameters. In (12) the fields are expressed from the sources, which means that it is straightforward to identify the response functions 11 . Since the source is arbitrary, from (12c) we conclude that 1/ǫ (ω, k) is analytic in the upper half-plane Im ω > 0 for fixed k. For the situation where the transverse current is described solely by the permittivity, it is usually assumed that the transversal permittivity is an analytic function of ω 8, 1213 . In general, due to the presence of both functions ǫ ⊥ (ω, k) and µ(ω, k) in (12a)-(12b), they cannot separately be identified as analytic functions. For example, we may choose to describe the transverse current by the permeability up to a given frequency, and abruptly describe it using the permittivity for higher frequencies. Although a somewhat artificial choice, it demonstrates that an extra condition is required to establish analyticity for ǫ ⊥ and µ. Below, we will show how it is possible to ensure analyticity while having flexibility to define the parameters in a suitable way.
If we use the picture in which the medium is described solely by a permittivity ǫ ′ , we can prove that for passive media, Im ǫ ′ > 0 for ω > 0 8 . Using (4b) this means that 6, 7 Im ǫ
In other words, the ambiguity for ǫ ⊥ and µ makes it possible to define permeabilities or transverse permittivities with negative imaginary parts, even for passive media, as long as (14) is satisfied. Given the flexibility of the division into ǫ ⊥ and µ, it is interesting to see if it is possible to achieve µ → 1 for fixed k, even for a diamagnetic medium. It turns out that it is indeed possible, at the expense of obtaining Im µ < 0 e.g. in the high-frequency region (while still describing a passive medium) 6, 9 . The idea is to let the division into ǫ ⊥ and µ be frequency-dependent, so that the medium is described solely by a permittivity for high frequencies. From the parameter ǫ ′ (in the picture where µ ′ = 1), we define a new (equivalent) set of parameters:
The parameter α is a weight factor describing the amount of transversal permittivity placed into µ. It is natural to require 0 ≤ α ≤ 1; however, in principle, α may be a completely arbitrary complex-valued function of ω and k. Taking an ideal plasma response ǫ ′ = 1 − ω 2 p /ω 2 as a simple example, we obtain
Now, provided α = α(ω) → 0 for ω → ∞, we will get the asymptote µ → 1. To describe diamagnetism at low frequencies, we require that α(0) = 1. We want µ to be analytic, so α(ω) needs to be analytic. This involves making it complex-valued. From the Kramers-Kronig relations, or in particular (1), we know that the resulting function µ must have a negative imaginary part somewhere in the spectrum. Clearly, since the new set ǫ ⊥ and µ is equivalent to the passive original set ǫ ′ ⊥ and µ ′ = 1, the negative imaginary part does not contradict passivity.
In conclusion, we have described diamagnetism as an effect related to spatial dispersion, although the medium can behave spatially nondispersive for restricted wavenumber spectra. It turns out that diamagnetism does not contradict passivity and the Kramers-Kronig relations, as the asymptote of the permeability for high frequencies and fixed k can be different from 1. Alternatively, one can exploit the ambiguity of the transverse permittivity and permeability to describe diamagnetism with a permeability that tends to unity but with a negative imaginary part somewhere in the spectrum.
Mod. Phys. 53, 81 (1981). 12 V. M. Agranovich and V. L. Ginzburg, Sov. Phys. Usp. 5, 323 (1962) . 13 In the literature it is common to regard the electric field as the excitation and the displacement field as the response. However, as pointed out in 11 , such an argument is not compelling since the electric field includes the response of the medium. Treating the source J as the excitation, and the electric field as the response, it follows that the response function R(ω) ≡ iωµ0 
and thus ǫ ′ ⊥ (ω) is analytic except possibly of poles.
